Recessions and subsequent recoveries are frequently classified as "L-shaped" or "U-shaped," with output losses in the former being permanent and losses in the latter at least partially made up by higher than average growth during the recovery.
Introduction
Whether, or the extent to which, recoveries following recessions return output to trend is of central interest to both policymakers and to the academic study of business cycles.
Friedman [1964, 1993] suggested the "plucking model," arguing that growth following recessions is unusually high. Researchers, notably Kim et al. [2005] and Morley and Piger [2012] , have done extensive work asking whether the typical recession is followed by a high speed recovery, answering the question in the affirmative. (For more on recoveries following recessions, see also Beaudry and Koop [1993] , Kim and Nelson [1999] , Kim and Murray [2002] .) We eschew the idea of a universal recovery pattern in favor of a framework in which different recoveries can have different shapes. Specifically, we attempt to identify the shape of each of the 11 NBER recoveries in post-WWII US history.
Post-recession periods may be labeled as either "L-shaped" recoveries or as "U-shaped" recoveries. A simple illustration of the differences between the two types is presented in the right panel of Figure 1 , with formal models established in Section 2. In a U-shaped recovery, output returns at least part way toward where it would have been absent a recession. In contrast, in an L-shaped recovery the growth rate is re-established but output is permanently below its pre-recession trend. In what follows, we estimate empirically that a two-quarter recession followed by an L-shaped recovery has an average permanent loss of GDP of 3 percent. In contrast, the permanent loss following a U-shaped recovery is about 0.75 percent.
Departing from the existing literature, we allow the shape of recovery to be different following each recession. We are motivated by the observation that post-recession growth paths seem to vary a great deal across different recessions. The left panel of Figure 1 plots the real GDP path relative to its pre-crisis level in the four-year window after the recession starts for all 11 postwar recessions. Following some recessions, especially the most recent one, the economy seems to recover much more slowly than others.
Our statistical analysis is based on the idea of Bayesian model averaging, in which each of the 11 recessions can be either L-shaped or U-shaped independently. Each possible combination of recovery shapes can be identified by an indicator vector with length of 11, each element of whom is either 0 or 1. Our model space includes the total 2 11 possible combinations and we obtain posterior probabilities for each model from our Bayesian estimation. The probability that a specific recession is followed by a U-shaped recovery can then be calculated based on the weighted average of our shape indicator over the whole model space.
As a preview of our results, we find significant evidence for the existence of U-shaped recoveries, as have others. However, the probability of a U-shaped recovery exhibits large variation across recessions. Specifically, we only find a high probability for U-shaped recoveries for some of the earlier recessions. The recent three recoveries are very likely to be L-shaped according to our estimates. We also compute Beveridge-Nelson trends and cycles during each recession. We find that early recessions were largely due to drops in cyclical activity, but that recent recessions are associated almost entirely with losses in the permanent component of GDP. We also consider the recovery shapes for other macroeconomic variables. Given typical observations on the connection between real GDP and other important economic indicators, we are interested in assessing whether shapes in different series are also closely connected. Possibly unsurprisingly, we find that the shape of recoveries for durable consumption, investment, and labor hours is roughly the same as for GDP overall. We find fewer recoveries are identified as U-shaped by employment data.
In sharp contrast to the results for GDP, all recessions appear to be U-shaped ac-cording to total factor productivity. In fact, we find that TFP fully recovers ground lost during recessions. While TFP has a significant permanent component, the behavior of TFP during and after recessions is dominated by a cyclical dip and recovery. This strongly argues against a view in which the cyclical part of business cycles is dominated by permanent technology shocks. Of course, measured TFP may be picking up something other than technology. While we do not pursue the question of what that "something" might be, our results suggest that macroeconomic models of cyclical behavior need to produce a U-shape for TFP in recession and recovery.
The remainder of the paper is organized as follows. Section 2 presents our econometric model and estimation methodology. Section 3 and 4 report our investigation on total U.S.
GDP recessions and on GDP components. In Section 5, we apply our model to labor market data and examine the connection between recoveries of GDP and unemployment.
In the final empirical section we look at total factor productivity.
An Empirical Model of US Economic Growth Rate
A recession occurs when there is a significant and sustained decline in economic activity spread across the economy-or for our purposes a recession occurs when the NBER says it does. Typically, GDP is observed to dip down for a few quarters before the economy starts to recover. While recoveries can have many different shapes depending on the paths they take to return to the pre-crisis growth trends, we focus on two specific, but representative, shapes in this paper: "L" and "U" shapes.
The L-shaped recovery indicates episodes when losses in the recession are permanent, such that we see no signs of GDP returning to its pre-crisis growth path. As shown in Figure 1 , the growth trend line shifts down permanently when GDP growth rate returns to normal.
In contrast, at least part of losses in the recession are offset during a U-shaped recovery.
There is a high speed growth period after the recession ends when the economy picks up some or all of its losses before returning to the normal growth rate. U-shaped recoveries are consistent with, for example, the "plucking model" in Friedman [1993 Friedman [ , 1964 , or the "bounce-back effects" in Kim et al. [2005] . In the model we propose each recovery can be independently either L-shaped or U-shaped.
"L"-shaped Versus "U"-Shaped Recovery
Our empirical model for GDP growth begins with the model proposed as equation (1) of Kim et al. [2005] ,
where 
where I(κ, t) is an indicator function that takes one if a U-shaped recovery follows the most recent recession up through time t. Corresponding to the 11 post-WII U.S. recessions, κ is a vector of 11 binary numbers, each of which equaling one indicates the presence of a rapid post-recession recovery. Therefore, κ serves as a model indicator in our model space defining 2 11 models. Lastly, q controls the duration of the rapid recovering effects.
Note that we retain the parsimonious recovery specification of Kim et al. [2005] in that recovery is described by the length of the recovery, q, but we do not attempt to identify the within-recovery dynamics. In other words, the model parameters are identified by the entire time series.
Two special cases of our model (1)- (3) are in line with earlier models describing the recession and recovery behaviors. First, if all elements of κ are zero, the model collapses to the one used by Hamilton [1989] as follows:
Equation (4) assumes that during a recession, the percentage growth rate of GDP will decrease to µ + γ, and will return to its normal level, µ, whenever a recession ends.
1 Therefore, Hamilton's model implies that the real GDP during and after a recession is L-shaped, and there is no rapid recovery after a recession.
In the second special case in which all elements of κ equal one, I(κ, t) = 1∀t, the 1 Since s t = 1 represents a recession date, γ can be expected to be negative. model becomes that used by Kim et al. [2005] to capture the "bounce-back" effect, the high growth recovery phase of post-recession dynamics. Augmenting Hamilton's model with a bounce-back term that is scaled by the length of each recession (as in (5)), their model can generate faster growth in the quarters immediately following every recession as follows:
where the parameter λ captures the bounce-back effect.
In the right panel of figure (1) we plot the level of log real GDP implied by the mean function of equation (1), m t , using µ = 0.5, γ = −1.5, λ = 0.2, q = 6 and initial y 0 = 0.
The L-shaped line corresponds to the first special case, while the U-shaped line to the second special case. In the left panel, we plot the logarithm of real GDP relative to the previous peak in each recession. There seems to be a similarity among recessions except the Great Recession. In fact, Morley and Piger [2012] show that in general a U-shaped model is better than an L-shaped model using the pre-2008 sample, implying that effect of a recession on real GDP is largely transitory. However, the recent financial crisis challenges the notion that a recession has negligible long-run effects on real GDP. Eo and Kim [forthcoming] , who allow for mean growth drift across booms and recessions, write "one important finding ... is the existence of high growth recoveries that typically follow deep recessions" (emphasis added). While we also find this a "typical" pattern, the slow recovery from the recent recession demonstrates that not all recoveries are typical, casting doubt on the prediction from the U-shaped model, which says that output will return to its pre-crisis trend level soon after the recession ends.
Methodology Incorporating Uncertain Shapes of Recoveries
We estimate equations (1)- (3) while allowing for uncertainty in the shape of each recovery.
Φ, µ, γ, λ, σ 2 , and q are held constant across business cycles. The above model becomes an autoregressive model given κ. Therefore, the uncertainty in the shape of each recovery depends on the Bayesian models weights among the values of κ for which the appropriate element takes on a 1 versus a 0.
Our approach is based on Bayesian model averaging. Conditional on a specific κ, we draw random samples from the posterior distribution of all model parameters conditional on the data D, f (µ, γ, λ, Φ, σ 2 |D, κ), which is straightforward using Gibbs sampling. Let
can be evaluated using Chib [1995] 's method. Once the marginal likelihoods for all models are obtained, and posterior probability for model M k is given by
Following Hoeting et al. [1999] , the posterior mean and variance of quantity of interest, denoted by ∆, are as follows:
Specifically, elements in E(κ|D) provide us with the posterior probability for the corresponding recession to have a U-shaped recovery.
3 Results for US Real GDP
Data and Priors
The data set consists of U.S. quarterly real GDP from 1947:1 to 2015:1, available on the website of the Federal Reserve Bank of St. Louis. The number of autoregressive lags is set to 4, even though the preferred specification in Kim et al. [2005] was zero and our posterior results are largely in agreement. We take account of a possible mean growth rate slowdown (Perron and Wada [2009] ) by assuming µ = µ 0 + BD t µ 1 , where BD t = 1 after 1973:1. Kim et al. [2005] choose q = 6 using the Schwarz information criterion (reporting that their results are robust to other choices for q), meaning that rapid post-recession growth lasts for 6 quarters. In a Bayesian framework, it is easy to expand the choice for q by estimating separate models for q equal to 5, 6 or 7, and then reporting Bayesian model averages. We report Bayesian model averages, although we find results little different from simply setting q = 6.
We assume that parameters are a priori independently distributed across blocks, so that the joint prior can be expressed as the product of marginal priors. Kim et al. [2005] , but the standard deviation is large enough to cover a parameter space in which the nonlinearity in mean function is absent (γ = λ = 0).
The autoregressive parameters, φ, are assumed to follow a normal prior with mean zero and standard deviation equal to 1. The prior for σ 2 is inverted Gamma IG(2, 1). 3 The same priors are used for all estimates.
Throughout this paper, all inferences are based on 10,000 Gibbs simulations, after discarding the initial 1,000 Gibbs simulations in order to mitigate the effects of initial conditions.
Posterior Results
Table (1) reports the posterior results, averaging over the three values of q. We find posterior model probabilities of P r(q = 5|D) = .16, P r(q = 6|D) = .43, and P r(q = 7|D) =
.41. The posterior distribution of µ 1 indicates that there is a substantial slowdown in the mean growth rate after 1973. Negative γ implies lower GDP growth during recessions, as expected. Positive λ implies the existence of a strong economic recovery after U-shaped recessions. Consider a recession that lasts exactly two quarters if the process for GDP were to be described by the posterior means with q = 6. An L-shaped recovery would involve a permanent loss of 3 percent of GDP (2 × γ) relative to the absence of a recession. In contrast, by the end of the bounce-back period in a U-shaped recession all but 3/4 of one percent of GDP will have been recovered. The latter calculation comes from multiplying γ by 2 and then adding λ times the ones in equation (3) (two periods with a single lagged s = 1 and five periods with two lagged s=1).
In Figure ( 2), we plot the posterior probability of being U-shaped for each recession.
There are obvious differences across recessions. Four early recessions before 1970 and the one in 1981 are very likely to have experienced rapid post-recession recovery. For the rest, except the recession started at 1980, the probability of being U-shaped is very small. The losses in output during these recessions, including the most recent one, are likely to be permanent.
Permanent Component of Real GDP
Note that we assume that real GDP is an I(1) process, the permanent, or trend, component of real GDP consists of a drift component and a stochastic trend component. To investigate the extent to which declines in real output can be attributed to the permanent component in each past recession, we need to conduct a trend-cycle decomposition. In particular, we use the Beveridge and Nelson [1981] 
decomposition (BN hereinafter).
Given a reduced form autoregressive model, the BN trend is constructed according to the long-horizon conditional forecast of the time series minus any deterministic drift.
However, Morley and Piger [2008] show that the BN trend does not generally provide an optimal or even unbiased estimate of trend for a regime-switching process, e.g., our model (1). We thus use a modified BN trend used in Morley and Piger [2012] to obtain the permanent component of real GDP.
We need to take account of the nonlinear dynamic introduced by s t and u t . Let
then equations (1)- (3) can be written in a state-space form as follows:
. Morley and Piger [2012] define the regime-dependent steady state (RDSS) trend as follows:
wheres t = (s t , . . . , s t−q ) is a vector of relevant current and past regimes for forecasting a time series, ∆ỹ t = (∆y t , . . . , ∆y t−p+1 ) ,m t = (m t , . . . , m t−p+1 ) , andm i * is the mean function evaluated at regime i * . The regime i * is the "normal" regime in which the mean of the transitory component is assumed to be 0, thus it is i * = 0 in our model.
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For a given model, we calculate the RDSS trend with the posterior mean of model parameters. Thus, the model-averaged trend component can be computed using the model probabilities as weights.
In Figure ( 
Components of Real GDP
In this section, we extend our analysis to components of real GDP to see whether components share the same recovery paths as total GDP. Three series are considered: durable consumption, nondurable consumption and domestic investment.
5 A structural break at 1973:1 and same set of priors are assumed as those assumed for total GDP. As with GDP, all variables used here and in the following sections are transformed as 100(ln X t −ln X t−1 ).
Posterior estimates are shown in Table 2 and the probabilities of U-shaped recoveries are presented in Figure 4 . The drop in growth after the break date is large and significant for nondurable consumption. The posterior mean for the drop is fairly small for durable consumption and while investment shows a moderately sized post-break increase in growth, but in both cases the posterior mean in absolute value is less than one posterior standard deviation.
The relative behavior of the three components during recessions is broadly consistent During U-shaped recessions, both durable consumption and investment show significant rapid recovery. For nondurable consumption, λ is estimated to be close to zero but is not well-identified by the data.
In Figure 4 we present the posterior probabilities of U-shaped recoveries following each recession for the three GDP components. The estimates for investment are fairly similar to those for GDP overall, with a slightly greater tendency to be U-shaped during early recessions. 6 Generally durable consumption expenditures are a bit more likely to be U-shaped than is GDP. There is little to be said about whether nondurable consumption is U-shaped, which is unsurprising given that λ for nondurables has a small point estimate and not well-identified. 
Labor market data
The labor market is commonly believed to be a procyclical and lagging variable with respect to real GDP. We are interested in whether the post-recession recovery in the labor market has the same shape as that for real output after adjusting for lags. We apply our model to labor hours and to the employment-to-population ratio 7 with the NBER dates lagged one quarter and no structural break considered. We again use the same diffuse priors. Estimation results are presented in Table 3 and recovery shape probabilities are plotted in Figure 5 . The probability of U-shaped recoveries for labor hours is remarkably similar to that of real GDP, suggesting that labor plays an important role explaining the sluggish recoveries in US economy. The posterior mean for labor hours is much larger than the mean for GDP, but there is considerable overlap in the respective HPD regions.
For employment data, the post-recession recoveries seem much less likely to have the bounce-back effects. Only three recessions, out of eleven, exhibit a high probability of a U-shaped recovery. The posterior distribution of λ mostly falls on the positive side, but also spreads quite widely. Thus it is unclear whether the post-recovery bounce-back effects are strong or not for the employment-to-population ratio.
Beveridge-Nelson cycles for the employment data are plotted in Figure 6 . No large negative gaps are found since the mid-1980s, coinciding with the low probability of U-shaped recoveries in recent years.
Total factor productivity
We apply here the same model to total factor productivity(TFP), measured by data constructed by John Fernald (Fernald [2014] ), and find a rather different picture from the results above. 8 We estimate that trend TFP growth fell from 2.3 percent to 1 percent after 1973. TFP drops drastically during recessions, with 4.4 percent of TFP lost in quarter of Real GDP 1950 1960 1970 1980 1990 In addition to calculating TFP, Fernald [2014] provided values for labor productivity and for capital deepening. We applied our model to the data for labor productivity, with results shown in Table 5 and in Figures 9 and 10 . Recoveries in terms of labor productivity are very strong. The mean bounce-back effect is the same size as the bounce-back for TFP, despite the fact that the recession drop is only half as large as the drop for TFP.
As can be seen in Figure 10 , there is essentially full recovery of the cyclical component of labor productivity after every recession. Figure 9 shows that most recessions appear to have been U-shaped, and that this was especially true during the three most recent episodes.
Results for capital deepening were inconclusive and therefore are omitted. Specifically, the 95 percent HPD for the bounce-back effect ranged from -1.0 to 0.7 and the estimated probabilities of a U-shaped recession were all between 0.3 and 0.7. 
Conclusion
We use a Bayesian model averaging framework to identify the individual shapes for each recession's recovery phase. We find that for recessions before 1970s and the one starting in 1982, there is a high probability for rapid post-recession growth. Thus these recessions had mostly temporary effects on the growth path. For other recessions, especially the recent ones, recessions likely leave permanent effects shifting down the growth path. Some components of GDP, durable consumption and investment, as well as labor hours and the employment-to-population ratio largely share the same recovery patterns. Total factor productivity appears to always have a rapid, U-shaped recovery.
Our empirical findings make two points that may inform business cycle theory. The first point is a question: What seems to have changed in the nature of the economy between the first half and the second half of the post-War period? Why do recessions now seem to have longer lasting effects? The second point is to emphasize how different is the behavior of TFP, as TFP appears to recover more quickly from recessions than does GDP. Models which wish to account for the cyclical behavior of the macroeconomy ought to take this into account.
